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From the unitary operator used for implementing two-state discrete-time quantum walk on one-, two-
and three- dimensional lattice we obtain a two-component Dirac-like Hamiltonian. In particular,
using different pairs of Pauli basis as position translation states we obtain three different form of
Hamiltonians for evolution on one-dimensional lattice. We extend this to two- and three-dimensional
lattices using different Pauli basis states as position translation states for each dimension and show
that the external coin operation, which is necessary for one-dimensional walk is not a necessary
requirement for a walk on higher dimensions but can serve as an additional resource to control the
dynamics. The two-component Hamiltonian we present here for quantum walk on different lattices
can serve as a general framework to simulate, control, and study the dynamics of quantum systems
governed by Dirac-like Hamiltonian.
Quantum walks, developed as the quantum analog of the classical random walks 1–6 first emerged as a powerful tool
in the development of quantum algorithms 7–10. Subsequently, its rich dynamics constituting evolution in superposition
of position space has been used as a framework to understand and simulate the dynamics in various systems. For
example, they have been used to explain phenomena such as the breakdown of an electric-field driven system 11
and mechanism of wavelike energy transfer within photosynthetic systems 12,13, to demonstrate the coherent quantum
control over atoms 14, localization of Bose-Einstein condensates in optical lattice 15 and to explore topological phases 16.
The discrete-time version of the quantum walk (DQW) 5,17–24 on a two-state particle is described using a quantum coin
operation acting on the internal state of the particle followed by a shift operator to evolve the particle coherently in
superposition of different location in position space. During last few years, experimental implementation of the DQW
have been demonstrated with energy levels in NMR 25, ions 26,27, photons 28–31, and atoms 32. These experimental
implementations using one-dimensional (1D) DQW model on a two-level system using a degree two coin operation
have opened up a new dimension to simulate quantum dynamics in physical systems like the recent demonstration
of localization of photon’s wavepacket 30. Now the immediate interest would be to extend the implementation to
two-dimensional (2D) and three-dimensional (3D) lattice structure with the available resources. One of the extension
to the 2D is the Grover walk which is defined on a four-level particle with a specific initial state 33–35. An alternative
extension to higher (d) dimensions is to use a d coupled qubits to describe the internal states 36,37. This is extremely
challenging with the available resources to implement it experimentally. To overcome this challenge, an alternative
2D DQW using a two-state particle resulting in a probability distribution equivalent to the probability distribution
from the Grover walk was very recently proposed 38,39. The evolution in one of the scheme 38 is composed of evolving
the particle in superposition of position space using Hadamard coin operation followed by a shift operation in one of
the dimension followed by the evolution in the other dimension with the Hadamard coin operation followed by a shift
in that dimension. An evolution in an other two-state scheme is composed of evolving the particle in superposition of
position space using the basis states of one of the Pauli operator as the position translation state for one dimension
followed by evolving in an other dimension using the basis states of a different Pauli operator as position translation
state 39. The DQW on square lattice using both these two-state schemes were shown to be more tolerant to noise
when compared to the four-state Grover walk 39. In addition, we know that the dynamics in many natural quantum
systems are governed by the Hamiltonian. Therefore, it is extremely important to explore the relevant Hamiltonian
form to describe the two-state DQW on 1D, 2D, and 3D lattices. This will give way to simulate and explore the
possibility of mimicking the dynamics in various naturally occurring physical systems.
In this report, starting from the unitary operator used to describe the evolution of DQW in 1D with different Pauli
basis states as the position translation states, we obtain the Hamiltonian for the evolution on the discrete space and
show that its differential operator forms are analogous to the two-component Dirac Hamiltonian. By setting different
Pauli basis states as the position translation states for each dimension we show that the two-state DQW can be realized
on a physically relevant 2D: square, triangular, kagome, and 3D: cubic lattice structures. The Hamiltonian form we
obtain for the DQW evolution on square and cubic lattice in the differential operator form are structurally identical to
the two-component Dirac Hamiltonian for relativistic particle in two- and three- spatial dimensions. In absence of the
quantum coin operation, the Hamiltonian we obtain is identical to the massless case of the relativistic evolution and in
presence of the quantum coin operation, the Hamiltonian form for the relativistic evolution of the massive particle is
reproduced. Some of the earlier works have established the connection between the DQW and the Dirac equations, by
discretizing the Dirac equation to realize unitary cellular automata 40, by using the propagator approach in continuum
limit for quantum lattice gas automata 17, and by analyzing the 1D DQW dynamics in different continuous and small
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2incremental settings at vanishing (very small) value of θ in the quantum coin operation used for the evolution 41–43.
In this report, we use the small spatial incremental setting (z → z± 1) to arrive at the differential operator form and
establish the connection between the DQW and Dirac Hamiltonian for evolution in all three spatial dimensions and all
values of θ. We also show that Hamiltonian form from the evolution operator for DQW on the triangular and kagome
lattice is notably different from the Dirac-like Hamiltonian with a second order derivative terms. Operators acting
on the basis states of the Pauli matrices are very common in quantum optics experiments and various other physical
systems making this scheme of using Pauli basis as position translation states an implementable one in the present
experimental setups. We also show that the external coin operation (θ 6= npi2 , n ∈ I) which is required for 1D DQW to
evolve with an intriguing interference is not a necessary requirement for 2D and 3D DQW using Pauli basis as position
translation states. However, an external coin operation can be used as an additional degree of freedom to control
the dynamics. Therefore, the DQW using Pauli basis states as position translation states and the two-component
Hamiltonian for the evolution on the discrete-position space which is presented in this report, can serve as a general
framework to simulate, control, and study the dynamics in different 2D and 3D physical systems.
I. HAMILTONIAN FOR GENERATING ONE-DIMENSIONAL DQW
The standard form of DQW evolution on a two-state particle in 1D lattice is defined on a coin (c) and the position
(p) Hilbert space H = Hc ⊗ Hp. The basis states of Hc is the position translation states which can be the internal
states of the particle, | ↓〉 =
[
1
0
]
and | ↑〉 =
[
0
1
]
or any of the pair of the basis states of the Pauli operators. The
basis states of Hp is described in terms of |j〉, where j ∈ I, the set of integers associated with the lattice sites. Below,
starting from the unitary operator for DQW evolution using different Pauli basis states as the position translation
state we obtain the Hamiltonian for walk on discrete-space for each case and show that differential operator form of
these Hamiltonians in a finite spatial incremental setting takes the form of the two-component Dirac Hamiltonian.
Basis states of σˆz as position translation state : For Pauli operator σˆz =
[
1 0
0 −1
]
, the eigenstates are
|+〉σz = | ↓〉 and |−〉σz = | ↑〉. For the evolution using basis states of Pauli operator σˆz as position translation state
we will choose |z〉 where z ∈ I as the position space. Each step of 1D DQW evolution, Wˆσz (θ) is described using
a quantum coin operation Bˆσz (θ) ≡
[
cos(θ) sin(θ)
− sin(θ) cos(θ)
]
which evolves the particle (coin) into the superposition of its
basis states followed by the unitary shift operator
Sˆσz ≡
∑
z
[| ↓〉〈↓ | ⊗ |z − 1〉〈z|+ | ↑〉〈↑ | ⊗ |z + 1〉〈z|] , (1)
which shift the state of the particle in superposition of the position space. That is,
Wˆσz (θ) ≡ Sˆσz [Bˆσz (θ)⊗ 1] =
∑
z
([
cos(θ) sin(θ)
0 0
]
⊗ |z − 1〉〈z|+
[
0 0
− sin(θ) cos(θ)
]
⊗ |z + 1〉〈z|
)
. (2)
The state after the t steps evolution of the DQW is given by, |Ψt〉 = [Wˆσz (θ)]t|Ψin〉, where |Ψin〉 =(
cos(δ/2)| ↓〉+ eiη sin(δ/2)| ↑〉) ⊗ |0〉, is the initial state of the particle at origin, z = 0. The coin parameter θ in
Wˆσz (θ) controls the variance of the probability distribution of the walk. Equivalently, the initial state of the particle
at the origin can be written as a two-component wavefunction, |Ψin〉 =
[
ψ↓(0, 0)
ψ↑(0, 0)
]
and the net evolution operator for
implementing each step of the DQW will be,
Wˆσz (θ) =
[
cos(θ)e−iPˆz sin(θ)e−iPˆz
− sin(θ)e+iPˆz cos(θ)e+iPˆz
]
. (3)
Here Pˆz is the position displacement operator whose action on all position z is local such that e
±iPˆzψ↓(↑)(z, t) =
ψ↓(↑)(z ± 1, t) 5,6. The state of the particle after any time t (t steps) will be
|Ψ(t)〉 = [Wˆσz (θ)]t
[
ψ↓(0, 0)
ψ↑(0, 0)
]
=
∑
z
[
ψ↓(z, t)
ψ↑(z, t)
]
, (4)
3and the unitary operator Wˆσz (θ) ≡ e−iHˆσz (θ). We have taken ~ = 1 and Hˆσz (θ) is the effective Hamiltonian cor-
responding to the unitary operator Wˆσz (θ). By taking the logarithm of Wˆσz (θ), the effective form of the time
independent Hamiltonian we obtain for the quantum walk on discrete position space is,
Hˆσz (θ) =
ωˆz
sin(ωˆz)
[
cos(θ) sin(Pˆz) −i sin(θ)e−iPˆz
−i sin(θ)eiPˆz cos(θ) sin(Pˆz)
]
· σˆz. (5)
Here ωˆz = cos
−1
(
cos(θ) cos(Pˆz)
)
and the action of sin(Pˆz) and cos(Pˆz) on state ψ
↓(↑)(z, t) is given by
sin(Pˆz)ψ
↓(↑)(z, t) = i2
[
ψ↓(↑)(z − 1, t)− ψ↓(↑)(z + 1, t)], (6)
cos(Pˆz)ψ
↓(↑)(z, t) = 12
[
ψ↓(↑)(z − 1, t) + ψ↓(↑)(z + 1, t)]. (7)
The differential operator form of the Eq. (5) will be,
Hˆσz (θ) = −i
[
cos(θ) sin(θ)
sin(θ) − cos(θ)
]
· ∂
∂z
+
[
0 −i
i 0
]
sin(θ) = −iαˆz · ∂
∂z
+ βˆz sin(θ). (8)
See Appendix A for the intermediate steps. The standard form of the two-component Dirac Hamiltonian is,
HˆD = −i~cαˆ · ∂
∂z
+ βˆmc2, (9)
where m is the mass of the particle, c is the speed of light, z is the spatial coordinate, matrix, αˆ and βˆ are Hermitian
and satisfy, αˆ2 = βˆ2 = 1 and αˆβˆ = −βˆαˆ. For a two-component Dirac Hamiltonian, αˆ and βˆ are the Pauli matrices.
In Eq. (8), though the matrices αˆz and βˆz are Hermitian and satisfy, αˆ
2
z = βˆ
2
z = 1 and αˆzβˆz = −βˆzαˆz, αˆz is not a
Pauli matrix. Since the Hamiltonian has a rotational invariance property, by introducing rotation Rˆy(θ/2) = e
−i θ2 σˆy
to the Eq. (8), αˆz changes to the Pauli matrix,
Hˆ ′σz (θ) = Rˆ
†
y
(
θ
2
)
Hˆσz (θ)Rˆy
(
θ
2
)
= −iσˆz · ∂
∂z
+ σˆy sin(θ). (10)
The Hamiltonian given by Eq. (10) is identical to the two-component Dirac Hamiltonian, the mass equivalent term,
m = sin(θ) and c = 1.
Basis states of σˆx as position translation state : For the basis states, |+〉σx = 1√2
[
1
1
]
; |−〉σx = 1√2
[
1
−1
]
of
the Pauli operator σˆx =
[
0 1
1 0
]
as the position translation states, we will choose |x〉 as the position space where x ∈ I.
The quantum coin operation for the walk will be,
Bˆσx(θ) = cos(θ)|+〉σx〈+|+ sin(θ)|+〉σx〈−| − sin(θ)|−〉σx〈+|+ cos(θ)|−〉σx〈−|, (11)
and the shift operator will be,
Sˆσx ≡
∑
x
[|+〉σ1〈+| ⊗ |x− 1〉〈x|+ |−〉σ1〈−| ⊗ |x+ 1〉〈x|]. (12)
The effective operator for one complete step of the walk will be, Wˆσx(θ) = Sˆσx [Bˆσx(θ)⊗ 1]. When the initial state of
the two-component wavefunction of the particle at the origin is given by |Ψin〉 =
[
ψ↓(0, 0)
ψ↑(0, 0)
]
, the state after t steps of
the walk will be,
|Ψ(t)〉 = [Wˆσx(θ)]t|Ψin〉 =
∑
x
[
ψ↓(x, t)
ψ↑(x, t)
]
, (13)
where Wˆσx(θ) when written in the basis formed by the eigenvectors of σˆz is,
Wˆσx(θ) ≡
e−iPˆx
2
[
cos(θ) + sin(θ) cos(θ)− sin(θ)
cos(θ) + sin(θ) cos(θ)− sin(θ)
]
+
e+iPˆx
2
[
cos(θ)− sin(θ) − cos(θ)− sin(θ)
− cos(θ) + sin(θ) cos(θ) + sin(θ)
]
≡ e−iHˆσx (θ).
(14)
4Here Pˆx is the position displacement operator whose action on state ψ
↓(↑)(x, t) is local such that e±iPˆxψ↓(↑)(x, t) =
ψ↓(↑)(x± 1, t). By taking the logarithm of Eq. (14) and simplifying we obtain the effective Hamiltonian for each step
of the walk on the discrete position space,
Hˆσx(θ) =
ωˆx
sin(ωˆx)
[
cos(θ) sin(Pˆx)− i sin(θ) cos(Pˆx) sin(θ) sin(Pˆx)
− sin(θ) sin(Pˆx) cos(θ) sin(Pˆx) + i sin(θ) cos(Pˆx)
]
· σˆx. (15)
Here ωˆx = cos
−1
(
cos(θ) cos(Pˆx)
)
and the differential operator form of the Hamiltonian [Eq. (15)] is,
Hˆσx(θ) = −i
[
sin(θ) cos(θ)
cos(θ) − sin(θ)
]
· ∂
∂x
+
[
0 i
−i 0
]
sin(θ) = −iαˆx · ∂
∂x
+ βˆx sin(θ). (16)
The matrices αˆx and βˆx are Hermitian and satisfy, αˆ
2
x = βˆ
2
x = 1 and αˆxβˆx = −βˆxαˆx. We can obtain the Dirac form
of the Hamiltonian by introducing rotation Rˆy(θ/2) = e
−i θ2 σˆy to the Eq. (16),
Hˆ ′σx(θ) = Rˆy
(
θ
2
)
Hˆσx(θ)Rˆ
†
y
(
θ
2
)
= −iσˆx · ∂
∂x
− σˆy sin(θ). (17)
The Hamiltonian given by Eq. (17) is identical to the two-component Dirac Hamiltonian, with the mass equivalent
term, m = − sin(θ) and the velocity equivalent term, c = 1.
Basis states of σˆy as position translation state : For the basis states |+〉σy = 1√2
[
1
i
]
; |−〉σ2 = 1√2
[
1
−i
]
of
Pauli operators σˆy =
[
0 −i
i 0
]
as the translation states, we will choose |y〉 where y ∈ I as the position space. The coin
operation for the walk will be,
Bˆσy (θ) = cos(θ)|+〉σy 〈+|+ sin(θ)|+〉σy 〈−| − sin(θ)|−〉σy 〈+|+ cos(θ)|−〉σy 〈−|, (18)
and the shift operator will be,
Sˆσy ≡
∑
y
[|+〉σy 〈+| ⊗ |y − 1〉〈y|+ |−〉σy 〈−| ⊗ |y + 1〉〈y|]. (19)
The effective operator for each step of the walk will be, Wˆσy (θ) = Sˆσy [Bˆσy (θ) ⊗ 1]. When the initial state of the
particle at the origin, |Ψin〉 =
[
ψ↓(0, 0)
ψ↑(0, 0)
]
, the state at time t will be,
|Ψ(t)〉 = [Wˆσy (θ)]t|Ψin〉 =
∑
y
[
ψ↓(y, t)
ψ↑(y, t)
]
, (20)
where Wˆσy (θ) when written in the basis formed by the eigenvectors of σˆz is,
Wˆσy (θ) =
e−iPˆy
2
[
cos(θ) + sin(θ) −i cos(θ) + i sin(θ)
i cos(θ) + i sin(θ) cos(θ)− sin(θ)
]
+
eiPˆy
2
[
cos(θ)− sin(θ) i cos(θ) + i sin(θ)
−i cos(θ) + sin(θ) cos(θ) + sin(θ)
]
≡ e−iHˆσy (θ).
(21)
Here Pˆy is the position displacement operator whose action on state ψ
↓(↑)(y, t) is local such that e±iPˆyψ↓(↑)(y, t) =
ψ↓(↑)(y ± 1, t). By taking logarithm of the Eq. (21) and simplifying we obtain the the effective Hamiltonian form for
each step of the walk on the discrete position space,
Hˆσy (θ) =
ωˆy
sin(ωˆy)
[
cos(θ) sin(Pˆy)− i sin(θ) cos(Pˆy) −i sin(θ) sin(Pˆy)
−i sin(θ) sin(Pˆy) cos(θ) sin(Pˆy) + i sin(θ) cos(Pˆy)
]
· σˆy. (22)
Here ωˆy = cos
−1
(
cos(θ) cos(Pˆy)
)
and the differential operator form of the Hamiltonian [Eq. (22)] is,
Hˆσy (θ) = −i
[
sin(θ) −i cos(θ)
i cos(θ) − sin(θ)
]
· ∂
∂y
+
[
0 1
1 0
]
sin(θ) = −iαˆy · ∂
∂y
+ βˆy sin(θ). (23)
5The matrices αˆy and βˆy are Hermitian and satisfy αˆ
2
y = βˆ
2
y = 1 and αˆyβˆy = −βˆyαˆy.
We obtain the Dirac form of the Hamiltonian by introducing rotation Rˆx(θ/2) = e
−i θ2 σˆx to the Eq. (23),
Hˆ ′σy (θ) = Rˆ
†
x
(
θ
2
)
Hˆσy (θ)Rˆx
(
θ
2
)
= −iσˆy · ∂
∂y
+ σˆx sin(θ). (24)
The Hamiltonian given by the Eq. (24) is identical to the two-component Dirac Hamiltonian with the mass equivalent
term, m = sin(θ) and velocity term, c = 1. When the coin operation parameter θ = 0, all the three forms of
Hamiltonian obtained for DQW evolution will be identical to the two-component Dirac Hamiltonian for the massless
particle.
II. THE HAMILTONIAN FOR A WALK ON TWO- AND THREE- DIMENSIONAL LATTICE
FIG. 1: Schematic for the DTQW showing the direction of evolution. (a) Square lattice with two direction for
propagation along each quantization axis, X and Z. (b) Cubic lattice with two direction of propagation along each quantization
axis, X, Y and Z. Evolution along each quantization axis, X, Y and Z are defined using basis states of the Pauli operators
σˆx, σˆy and σˆz as position translation states.
Square Lattice : A simple 2D lattice structure is a square lattice with four direction for propagation at each position
and the evolution can be quantized along the axis, X and Z [Fig. 1(a)]. One of the well studied schemes for 2D DQW
is the Grover walk on a four-state particle with the basis states as |0〉, |1〉, |2〉, and |3〉34,35. Each step of Grover walk
on a 2D is realized using the Grover diffusion operator,
Gˆ =
1
2
−1 1 1 11 −1 1 11 1 −1 1
1 1 1 −1
 , (25)
as coin operation followed by a shift operator,
SˆG ≡
∑
x,z
[
|0〉〈0| ⊗ |x− 1, z − 1〉〈x, z|+ |1〉〈1| ⊗ |x− 1, z + 1〉〈x, z|
+|2〉〈2| ⊗ |x+ 1, z − 1〉〈x, z|+ |3〉〈3| ⊗ |x+ 1, z + 1〉〈x, z|
]
(26)
on a particle in a specific initial state, |Ψ4sin 〉 = 12 [|0〉 − |1〉 − |2〉 + |3〉]. The state after t steps of the Grover walk,
[SˆG(Gˆ⊗ 1)]t,
|ΨGt 〉 =
t∑
x=−t
t∑
z=−t
[
β
(1)
(x,z,t)|0〉+ β(2)(x,z,t)|1〉+ β(3)(x,z,t)|2〉+ β(4)(x,z,t)|3〉
]
⊗ |x, z〉. (27)
Here β(x, y, t)’s are given by the quadrupled iterative relation coupling the X and Z axis
6β(1)(x, z, t) = 12
[
− β(1)(x+1,z+1,t−1) + β(2)(x+1,z+1,t−1) +β(3)(x+1,z+1,t−1) + β(4)(x+1,z+1,t−1)
]
, (28a)
β(2)(x, z, t) = 12
[
β
(1)
(x+1,z−1,t−1) − β(2)(x+1,z−1,t−1) +β(3)(x−1,z−1,t−1) + β(4)(x+1,z−1,t−1)
]
, (28b)
β(3)(x, z, t) = 12
[
β
(1)
(x−1,z+1,t−1) + β
(2)
(x−1,z+1,t−1) −β(3)(x−1,z+1,t−1) + β(4)(x−1,z+1,t−1)
]
, (28c)
β(4)(x, z, t) = 12
[
β
(1)
(x−1,z−1,t−1) + β
(2)
(x−1,z−1,t−1) +β
(3)
(x−1,z−1,t−1) − β(4)(x−1,z−1,t−1)
]
. (28d)
DQW on a square lattice using two-state particle can also be realized by quantizing the evolution using different
Pauli basis states as translation state for each axis in the lattice structure. That is, each step of walk on a square
lattice comprise of evolution in Z− axis with Pauli basis of σˆz operator as translational state followed by the evolution
in the X−axis with Pauli basis of σˆx operator as translational state,
Wˆ sq(θ) = Wˆ sqσx(θ)Wˆ
sq
σz (θ). (29)
Here Wˆ sqσα(θ) = Sˆ
sq
σα [Bˆσα(θ)⊗ 1X ⊗ 1Z ] with α = x, z and the shift operators for Z- and X- axis are,
Sˆsqσz ≡
∑
x,z
[|+〉σz 〈+| ⊗ |x, z − 1〉〈x, z|+ |−〉σz 〈−| ⊗ |x, z + 1〉〈x, z|], (30a)
Sˆsqσx ≡
∑
x,z
[|+〉σx〈+| ⊗ |x− 1, z〉〈x, z|+ |−〉σx〈−| ⊗ |x+ 1, z〉〈x, z|]. (30b)
The choice of a particular Pauli basis for particular axis is purely conventional. If the initial state of the particle on
a square lattice at origin (x, z) = (0, 0) is |Ψin〉 = 1√2 [| ↓〉+ i| ↑〉]⊗ |0, 0〉, the state after t steps,
|Ψt〉 = (Wˆ sq(θ))t|Ψin〉 =
t∑
x=−t
t∑
z=−t
[
α
(x)
(x,z,t)| ↓〉+ α(z)(x,z,t)| ↑〉
]
⊗ |x, z〉. (31)
When θ = 0, α
(1)
(x,z,t) and α
(2)
(x,z,t) are given by the coupled iterative relations
α
(1)
(x,z,t) =
1
2
[
α
(1)
(x+1,z+1,t−1) + α
(1)
(x+1,z−1,t−1) + α
(2)
(x−1,z+1,t−1) − α(2)(x−1,z−1,t−1)
]
, (32a)
α
(2)
(x,z,t) =
1
2
[
α
(1)
(x+1,z+1,t−1) − α(1)(x+1,z−1,t−1) + α(2)(x−1,z+1,t−1) + α(2)(x−1,z−1,t−1)
]
. (32b)
From Eqs. (32) and Eqs. (28) we can note that for both, two-state walk and the Grover walk, the amplitude at any
position (x, z) for a given time t is dependent on the amplitude at the four diagonally opposite sites at time t− 1.
In Fig. 2(a), the probability distribution of the 50 step DQW on a square lattice using the Pauli basis scheme
without the external coin operation (θ = 0) is shown. We notice that the probability distribution is identical
to the distribution obtained for the Grover walk on a four-state particle 34 and for the alternative walk on a
two-state particle with initial state, 1√
2
[| ↓〉 + i| ↑〉] using Hadamard operator as the coin operation for each
dimension 38,39. The main reason for this is the fact that the basis states of σˆz is also a superposition of a
basis states of the σˆx which inherently introduces an effect of quantum coin operation. Therefore, the operator
[Wˆ sqσx(0)Wˆ
sq
σz (0)]
t continues to evolve the particle in superposition of position space bringing in intricate features
into the interference effect which is showing up in the probability distribution. Unlike the Grover walk which is
very specific to the initial state and the coin operation, probability distribution with the two-state walk using
the Pauli basis can be controlled by introducing the coin operation (θ 6= 0) and/or using different initial state of
the particle. In Fig. 2(b) the probability distribution after 50 step DQW with an external coin operation with
θ = pi/12 is show to squeeze the distribution towards the diagonal of the square lattice and from this we can in-
fer that the coin operation can be effectively used to control the dynamics and the probability distribution of the walk.
Two-component Hamiltonian for walk on a square lattice - The unitary operator for each step of a two-state DQW
on a square lattice is Wˆ sq(θ) = Wˆ sqσx(θ)Wˆ
sq
σz (θ). For the initial state of the particle at origin (x, z) = (0, 0), |Ψsqin〉 =
7FIG. 2: Probability distribution of DQW on square lattice without and with coin operation. Probability distribution
after a DQW on a two-state particle at the origin (x, z) = (0, 0) with initial state, |Ψin〉 = 1√2 [| ↓〉+i| ↑〉]⊗|0, 0〉 on a square lattice
using basis state of σˆx and σˆz as position translation state for evolution along X and Z axis, respectively. The distribution
is after 50 step of the walk. (a) The distribution is after the evolution without using a coin operation (θ = 0) and same
distribution is obtained for Grover walk (with the specific initial state). (b) The distribution is after the evolution with the
coin operation θ = pi/12 in both the axis.
[
ψ↓(0, 0, 0)
ψ↑(0, 0, 0)
]
, the state at any time t will be,
|Ψsq(t)〉 = [Wˆσx(θ)Wˆσz (θ)]t|Ψsqin〉 =
∑
x,z
[
ψ↓(x, z, t)
ψ↑(x, z, t)
]
, (33)
where Wˆσz (θ) and Wˆσx(θ) are given by Eqs. (3) and (14), respectively. The effective Hamiltonian for each step of the
walk on a square lattice is the sum of the Hamiltonian for evolution in each dimension. In differential operator form
it will be,
Hˆsq(θ) = Hˆσx(θ) + Hˆσz (θ) = −i
(
αˆx · ∂
∂x
+ αˆz · ∂
∂z
)
+ (βˆx + βˆz) sin(θ). (34)
Here the matrix αˆz, αˆx, βˆz, βˆx are same as that in Eqs. (8) and (16). As the evolution in one dimension is followed
by the other, the rotational invariance property of the Hamiltonian can be used independently to the Hamiltonian for
each dimension resulting in,
Hˆsq
′
(θ) = Hˆ ′σx(θ) + Hˆ
′
σz (θ) = −i
(
σˆx · ∂
∂x
+ σˆz · ∂
∂z
)
, (35)
where Hˆ ′σz (θ) and Hˆ
′
σx(θ) are same as Eqs. (10) and (17). As βˆx + βˆz = 0 this Hamiltonian is structurally identical
to the two-component Dirac Hamiltonian for a massless particle on a two-dimensional space. In the Hamiltonian
obtained from 1D DQW evolution operator, the mass equivalent term becomes zero only when θ = 0, but from the 2D
evolution operator we obtain an Hamiltonian which resembles the massless Dirac Hamiltonian even for non-zero value
of θ. However, by choosing basis state of σˆy operator as the position translation state for one of the dimension and
basis state of σˆz or σˆx operator for an other dimension we can obtain an Hamiltonian with non-zero mass equivalent
term.
Cubic Lattice : A simple 3D lattice is a cubic lattice with six direction for propagation at each position and the
evolution can be quantized along the axis, X, Y , and Z [Fig. 1(b)]. By evolving the two-state particle in one axis
followed by the evolution in the other two axis using different Pauli basis as position translation state, a two-state
walk on a cubic lattice can be realized. That is,
Wˆ cub(θ) = Wˆ cubσy (θ)Wˆ
cub
σx (θ)Wˆ
cub
σz (θ). (36)
8Here Wˆ cubσj (θ) = Sˆ
cub
σj [Bˆσj (θ)⊗ 1X ⊗ 1Y ⊗ 1Z ] with j = {y, x, z} where the shift operator for evolution along the Z,
X, and Y axis will be
Sˆcubσz ≡
∑
x,y,z
[
|+〉σz 〈+| ⊗ |x, y, z − 1〉〈x, y, z|+ |−〉σz 〈−| ⊗ |x, y, z + 1〉〈x, y, z|
]
, (37a)
Sˆcubσx ≡
∑
x,y,z
[
|+〉σx〈+| ⊗ |x− 1, y, z〉〈x, y, z|+ |−〉σx〈−| ⊗ |x+ 1, y, z〉〈x, y, z|
]
, (37b)
Sˆcubσy ≡
∑
x,y,z
[
|+〉σy 〈+| ⊗ |x, y − 1, z〉〈x, y, z|+ |−〉σy 〈−| ⊗ |x, y + 1, z〉〈x, y, z|
]
. (37c)
For the initial state of the particle at origin (x, y, z) = (0, 0, 0), |Ψcubin 〉 =
[
ψ↓(0, 0, 0, 0)
ψ↑(0, 0, 0, 0)
]
, the state at any time t,
|Ψcub(t)〉 = [Wˆσy (θ)Wˆσx(θ)Wˆσz (θ)]t|Ψcubin 〉 =
∑
x,y,z
[
ψ↓(x, y, z, t)
ψ↑(x, y, z, t)
]
, (38)
where Wˆσz (θ), Wˆσx(θ) and Wˆσy (θ) are given by Eqs. (3), (14) and (21), respectively. Therefore the effective Hamil-
tonian for each step of the walk on a cubic lattice is,
Hˆcub(θ) = Hˆσy (θ) + Hˆσx(θ) + Hˆσz (θ) = −i
(
αˆy · ∂
∂y
+ αˆx · ∂
∂x
+ αˆz · ∂
∂z
)
+ βˆy sin(θ). (39)
Here the matrix αˆz, αˆx, αˆy, βˆy are same as that in Eqs. (8), (16), and (23) (where βˆx+ βˆz = 0). As the evolution in one
dimension is followed by the other, the rotational invariance property of the Hamiltonian can be used independently
to the Hamiltonian for each dimension on a cubic lattice resulting in,
Hˆcub
′
(θ) = Hˆ ′σx(θ) + Hˆ
′
σy (θ) + Hˆ
′
σz (θ) = −i
(
σˆx · ∂
∂x
+ σˆy · ∂
∂y
+ σˆz · ∂
∂z
)
+ βˆy sin(θ), (40)
where Hˆ ′σz (θ), Hˆ
′
σx(θ), and Hˆ
′
σy (θ) are same as Eqs. (10), (17) and (24). The Hamiltonian from the evolution operator
for DQW on a cubic lattice is structurally identical to the two-component Dirac Hamiltonian for a particle on a three-
dimensional space. Due to the fact that the basis state of one of the Pauli operator is also a superposition of the basis
states of the other Pauli operator, the effect of the quantum coin operation is inherently introduced. Therefore, even
in absence of external coin operation (θ = 0), the particle will continue to evolve in superposition of different location
at each step bringing in the intricate interference effect into the evolution.
Triangular lattice : The triangular lattice is a 2D structure with six direction for propagation at each position.
As shown in Fig. 3(a), each position can be labeled using indices (x, y) of the X and Y spatial dimensions and the
evolution can be quantized along three axis R, S, and T as shown in Fig. 3(b) using the basis states |+〉σj and |−〉σj
of the Pauli operators σˆj where j = {x, y, z} as position translation states. Because of the three quantization axis for
evolution on a 2D lattice, the evolution along one of the spatial dimension will also result in the evolution along the
other spatial dimension. In our scheme for DQW on a triangular lattice we will define the evolution such that, along
the quantization axis R, the shift is only along the X spatial dimension and along the quantization axis S and T , the
shift in X spatial dimension will also result in shift along the Y spatial dimension and vice versa.
In Fig. 4(a), the schematic for the evolution in one quantization axis followed by the other to implement each step
of the walk is show. The encircled positions are the points in position space to which the quantum states evolve in
superposition during one step of the walk. The choice of the order of the basis states as translation state to evolve
the particle and the labelling of the position space is purely conventional. For the scheme used in this report, each
step of the walk on a triangular lattice composes of the operation,
Wˆ tri(θ) = Wˆ triσy (θ)Wˆ
tri
σx (θ)Wˆ
tri
σz (θ). (41)
Here Wˆ triσj (θ) = Sˆ
tri
σj [Bˆσj (θ) ⊗ 1X ⊗ 1Y ⊗ 1Z ] with j = {y, x, z} where the shift operator for evolution along the
9FIG. 3: Schematic showing the labelling and evolution axis for triangular lattice. Triangular lattice structure with
(a) labeling of lattice positions in the spatial coordinates and (b) the three axis, R, S, and T used as quantization axis for the
evolution using different Pauli basis states as translation states.
FIG. 4: Schematic for evolution of DQW on triangular and kagome lattice. (a) The triangular lattice, starting
from the middle, the arrow marks indicates the shift in position space during one step of DQW evolution (evolution in Z axis
followed by the evolution in the Y and X axis). (b) Kagome lattice structure with two axis of propagation at each lattice site.
From lattice sites o, p, and q, we can see that they are associated with different combination of quantization axis. Starting
from position p, the arrow marks show the shift in position space during one step of DQW evolution. The final positions are
encircled.
quantization axis R, S, and T are,
Sˆtriσz ≡
∑
x,y
[
|+〉σz 〈+| ⊗ |x+ 2, y〉〈x, y|+ |−〉σz 〈−| ⊗ |x− 2, y〉〈x, y|
]
, (42)
Sˆtriσx ≡
∑
x,y
[
|+〉σx〈+| ⊗ |x+ 1, y + 1〉〈x, y|+ |−〉σx〈−| ⊗ |x− 1, y − 1〉〈x, y|
]
, (43)
Sˆtriσy ≡
∑
x,y
[
|+〉σy 〈+| ⊗ |x+ 1, y − 1〉〈x, y|+ |−〉σy 〈−| ⊗ |x− 1, y + 1〉〈x, y|
]
. (44)
For the initial state of the particle at origin (x, y) = (0, 0), |Ψtriin 〉 =
[
ψ↓(0, 0, 0)
ψ↑(0, 0, 0)
]
, the state at any time t,
|Ψtri(t)〉 = [Wˆ triσy (θ)Wˆ triσx (θ)Wˆ triσz (θ)]t|Ψtriin 〉 =
∑
x,y
[
ψ↓(x, y, t)
ψ↑(x, y, t)
]
. (45)
Here Wˆ triσz (θ) is identical to Eq. (3) with a replacement of Pˆz by 2Pˆx, Wˆ
tri
σx (θ) is identical to Eq. (14) with a replacement
of Pˆx by Pˆx + Pˆy and Wˆ
tri
σy (θ) is identical to Eq. (21), with a replacement of Pˆy by Pˆx − Pˆy. Due to the fact that
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the basis state of one of the Pauli operator is also a superposition of the basis states of the other Pauli operator,
inherently introducing the effect of the quantum coin operation. Therefore, even in absence of the external coin
operation (θ = 0) the particle continue to evolve in superposition of different location at each step bringing in
the intricate interference effect into the evolution. However, a coin operation with different θ for each axis can be
extensively used for the evolution to get addition freedom to control the dynamics and obtain the desired probability
distribution. In Fig. 5(a) and 5(b), we show the probability distribution of a 40 step DQW without an external coin
FIG. 5: Probability distribution after 40 step of DQW on triangular lattice. (a) The initial state |Ψin〉 = | ↓〉 ⊗ |0, 0〉
and the walk is evolved without a coin operation. (b) The initial state |Ψin〉 = | ↑〉 ⊗ |0, 0〉 and the walk is evolved without an
external coin operation. (c) The initial state |Ψin〉 = | ↑〉 ⊗ |0, 0〉 and the walk is evolved with the coin operation along one
of the quantization axis, Wˆ tri(θ) = Wˆ triσy (0)Wˆ
tri
σx (pi/4)Wˆ
tri
σz (0). We can see that (a) is symmetric to (b) and an external coin
operation alters the interference pattern significantly.
operation [Wˆ tri(0) = Wˆ triσy (0)Wˆ
tri
σx (0)Wˆ
tri
σz (0)] on a two-state particle initially in state | ↓〉 and | ↑〉, respectively. We
can see that the probability distribution in Fig. 5(a) and Fig. 5(b) are not symmetric distribution in position space
but are symmetric to each other. In Fig. 5(c), we show that introducing a external coin operation along only one of
the quantization axis [Wˆ triσy (0)Wˆ
tri
σx (pi/4)Wˆ
tri
σz (0)], the probability distribution alters significantly.
The effective Hamiltonian for a quantum walk on a triangular lattice is,
Hˆtri(θ) = Hˆtriσy (θ) + Hˆ
tri
σx (θ) + Hˆ
tri
σz (θ), (46)
where Hˆtriσz (θ), Hˆ
tri
σx (θ), and Hˆ
tri
σy (θ) are the Hamiltonian for evolution along quantization axis R, S, and T with basis
state of σˆz, σˆx, and σˆy as translation state give by,
Hˆtriσz (θ) = −i
(
αˆ1z · 2
∂
∂x
+ αˆ2z ·
∂2
∂x2
)
+ βˆ1z sin(θ), (47)
Hˆtriσx (θ) = −i
(
αˆ1x ·
∂
∂x
+ αˆ2x ·
∂
∂y
+ αˆ3x ·
∂2
∂x∂y
)
+ βˆ1x sin(θ), (48)
Hˆtriσy (θ) = −i
(
αˆ1y ·
∂
∂x
+ αˆ2y ·
∂
∂y
+ αˆ3y ·
∂2
∂x∂y
)
+ βˆ1y sin(θ). (49)
See Appendix B for the matrices αˆ and βˆ, they are Hermitian and satisfy the conditions, αˆ2 = βˆ2 = 1 and αˆβˆ = −βˆαˆ.
Due to the non-orthogonal nature of the spatial axis for evolution using different basis states, we don’t get an
Hamiltonian which is structurally identical to the two-component Dirac Hamiltonian as we obtained for a quantum
walk on a square and cubic lattice. However, the Hamiltonian with the second order differential operators can be
effectively used to describes the two-state quantum walk on triangular lattice.
Kagome Lattice : Kagome lattice structure can also be labeled the same way as the triangular lattice. The evolution
operator and its Hamiltonian form in each basis will be in the same form as presented for triangular lattice. But,
unlike triangular lattice which has three quantization axis at each lattice site, kagome lattice shown in Fig. 4(b) has
only two quantization axis with four direction of propagation for the walk at each lattice site. The two quantization
axis at each lattice site is not the same for all lattice sites. As shown in Fig. 4(b), lattice sites o, p, and q have axis S
and R (σˆx and σˆz), S and T (σˆx and σˆy), and T and R (σˆy and σˆz) as quantization axis, respectively. Therefore, to
implement each step of DQW in kagome lattice should compose of evolutions along different axis in particular order
depending on the initial position of the particle. For example, if the initial position is p (as marked in Fig. 4(b)), each
step of DQW can be realized by Wˆ kag(θ) = Wˆ kagσx (θ)Wˆ
kag
σz (θ)Wˆ
kag
σy (θ).
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III. DISCUSSION
Motivated by the recent advancements in the theoretical analysis and the experimental implementation of the
DQW, we have presented the scheme for implementing DQW on different 1D, 2D, and 3D lattice structures using
different Pauli basis states as the position translation states for each dimension. Our scheme using Pauli basis which
was briefly presented for evolution on square lattice 39,42 has now been extended in this report for evolution on cubic,
triangular, and kagome lattice. During the shift from one pair of the Pauli basis state as the position translation state
to the other for the evolution on 2D and 3D lattice, an effect of inherent quantum coin operation of θ = pi/4 is seen. In
various physical setting, it is quite common to use Pauli basis states as the position translation states to describe the
dynamics, for example, in quantum optics and optical lattice44. This makes our scheme an experimentally realizable
one in higher dimensions without the use of an extra resource to implement external quantum coin operation. However,
an external coin operation can be used as an additional resource to tailor the dynamics. From this we can conclude
that it can be straight away extended to other Bravais lattice and to higher dimensions by simply permuting the three
Pauli basis states as position translation states for each evolution axis with the minimum resources.
The dynamics in many quantum systems are governed by the Hamiltonians and the Hamiltonian for the DQW
was also recently obtained in the basis of Fourier modes and used to explore topological phases 16. In our approach,
without changing to the Fourier modes, starting from the unitary operators used for the evolution we obtained three
different forms of the Hamiltonian for walk on 1D discrete-position space using different Pauli basis states as the
position translation states and this was extended to different 2D and 3D lattices. In the unit position incremental
setting on a line, square lattice and cubic lattice the differential operator form of the Hamiltonian was shown to be
identical to the two-component Dirac Hamiltonian. On triangular lattice we showed that and Hamiltonian contains a
second order deferential term deviating from the Dirac-like structure. Though the similarity of DQW with the Dirac
equation was established earlier 17,40–44 using different approaches, the connection was at the continuum limit and
restricted to 1D for a very small or vanishing value of the quantum coin operation parameter θ. Very recently, when
this manuscript was already in a complete form, a new result establishing the connection between the Dirac equation
and quantum walk in higher dimension was reported 45. Using different combination of techniques, the two-component
Dirac equation is discretized to arrive at the two-state DQW in 1D and 2D position space. To establish the connection
for the 3D space, they changed to four-component Dirac equation. In this report our approach is different, we start
from the two-state DQW on 1D, 2D, and 3D lattice and arrive at the two-component Dirac-like Hamiltonian for all
value of θ (massless and massive case) as long as the evolution axis in the lattice are orthogonal to each other (line,
square and cubic). However, both these works compliment each other by starting from the different initial from and
establishing the connections in 1D and 2D position space.
This scheme for walk on different lattices and description of dynamics in Hamiltonian form helps to further explore
topological phase, establish connection between physical process in nature which are generally not 1D and does not
involve larger internal (more than two) dimension of the particle. Most importantly, the structural similarity DQW
with the two-component Dirac Hamiltonian for particle in 1D, 2D and 3D space can lead to more intriguing studies on
the relativistic effects in quantum walks and the role DQW can play to model and simulate the relativistic effects in
the laboratory settings. The Dynamics in many of the quantum condensed matter systems are governed by the usual
tight-binding Hamiltonian that describes the movement or the particle to a neighbouring site or by the Dirac-like
Hamiltonian (for example, graphene). This clearly establishes that DQW can be used to model the dynamics in a
wide spectrum of physics systems governed by Dirac-like Hamiltonian to the relativistic dynamics.
Appendix A: The Hamiltonian and its differential form
To obtain the effective Hamiltonian form, we will take the logarithm of Wˆσz (θ) = e
−iHˆσz (θ),
− iHˆσz (θ) = ln
[
cos(θ)e−iPˆz sin(θ)e−iPˆz
− sin(θ)e+iPˆz cos(θ)e+iPˆz
]
= ln (Aˆ) = Vˆ ln( λˆσz ) Vˆ
−1. (A1)
Here λˆσz =
[
λˆ−z 0
0 λˆ+z
]
with λ∓z = cos(θ) cos(Pˆz) ∓
√
cos2(θ) cos2(Pˆz)− 1 = cos(ωˆz) ∓ i sin(ωˆz) = e∓iωˆz . The
matrix
Vˆ =
1
sin(θ)eiPˆz
[
cos(θ)eiPˆz − e−iωˆ cos(θ)eiPˆz − eiωˆ
sin(θ)eiPˆz sin(θ)eiPˆz
]
; Vˆ −1 =
1
2i sin(ωˆz)
[
sin(θ)eiPˆz eiωˆ − cos(θ)eiPˆz
− sin(θ)e+iPˆz −e−iωˆ + cos(θ)eiPˆz
]
(A2)
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are composed of eigenvectors of Aˆ and its inverse, respectively. By substituting these elements into Eq. (A1) and
simplifying we obtain,
Hˆσz (θ) =
ωˆ
sin(ωˆ)
[
cos(θ) sin(Pˆz) i sin(θ)e
−iPˆz
−i sin(θ)eiPˆz − cos(θ) sin(Pˆz)
]
=
ωˆ
sin(ωˆ)
[
cos(θ) sin(Pˆz) −i sin(θ)e−iPˆz
−i sin(θ)eiPˆz cos(θ) sin(Pˆz)
]
· σz. (A3)
The differential form of the preceding expression in the unit spatial incremental setting can be obtained by analyzing
the effect of the operators e±iPˆz and sin(Pˆz) in the matrix on the state ψ↓(↑)(z, t) = ψ(z, t),
sin(Pˆz)ψ(z, t) = i
(
e−iPˆz − eiPˆz
2
)
ψ(z, t) =
i
2
(
ψ(z − 1, t)− ψ(z + 1, t)
)
= − i
2
(
ψ(z + 1, t)− ψ(z − 1, t)
)
. (A4)
Writing the central difference form in the preceding expression as differential operator we obtain,
sin(Pˆz)ψ(z, t) ≈ −i ∂
∂z
ψ(z, t) =⇒ sin(Pˆz) ≈ −i ∂
∂z
≡ Pˆz. (A5)
Similarly,
e±iPˆzψ(z, t) = ψ(z ± 1, t) = ψ(z ± 1, t)− ψ(z, t) + ψ(z, t) ≈
(
± ∂
∂z
+ 1
)
ψ(z, t) =⇒ e±iPˆz ≈
(
± ∂
∂z
+ 1
)
. (A6)
Ignoring the higher order terms in the expansion of sin(ωˆ) we get, ωˆsin(ωˆ) ≈ 1. Therefore, substituting Eq. (A5) and
(A6) into Eq. (A3) we obtain the differential form of the Hamiltonian operator which is identical to the two-component
Dirac Hamiltonian.
For evolution with basis states of σˆx and σˆy Pauli operators as position translation states, the same procedure can
be used to obtain Eqs. (15) and (22) by replacing Pˆz by Pˆx and Pˆy, respectively. Here using j ∈ {x, y} we arrive at
the differential form of the operators which upon substitution we obtain an Hamiltonian given by Eqs. (16) and (23)
which are structurally similar to the two-component Dirac Hamiltonian. One of the useful relation to arrive at the
differential operator form is,
(
cos(θ) sin(Pˆ )∓ i sin(θ) cos(Pˆ )
)
ψ(j, t) =
i
2
[
cos(θ)
[
ψ(j − 1, t)− ψ(j + 1, t)
]
∓ sin(θ)
[
ψ(j − 1, t) + ψ(j + 1, t)
]]
=
i
2
[(
cos(θ)∓ sin(θ))ψ(j − 1, t)− ( cos(θ)± sin(θ))ψ(j + 1, t)], (A7)
adding and subtracting the RHS by i2
(
cos(θ)∓sin(θ))ψ(j, t)+ i2( cos(θ)±sin(θ))ψ(j, t) we get a difference form which
can be approximated to the differential operator such that,
cos(θ) sin(Pˆ )∓ i sin(θ) cos(Pˆ ) ≈ i
2
[(
cos(θ)∓ sin(θ))[− ∂
∂j
+ 1
]
− ( cos(θ)± sin(θ))[ ∂
∂j
+ 1
]]
,
= i
[
− cos(θ) ∂
∂j
∓ sin(θ)
]
. (A8)
Appendix B: Differential form of the Hamiltonian for evolution on triangular lattice
For triangular lattice Pˆz in Eq. (5) is replaced by 2Pˆx, Pˆx in Eq. (15) is replaced by Pˆx + Pˆy and Pˆy in Eq. (22), is
replaced by Pˆx − Pˆy. Below we obtain the differential form of the operators in finite position incremental setting,
sin(2Pˆx)ψ(x, y, t) =
i
2
[
ψ(x− 2, y, t)− ψ(x+ 2, y, t)
]
≈ −2i ∂
∂x
ψ(x, y, t),
e±2iPˆxψ(x, y, t) ≈
(
± ∂
∂x
+ 1
)
ψ(x+ 1, y, t) ≈
( ∂2
∂x2
± 2 ∂
∂x
+ 1
)
ψ(x, y, t),
=⇒ sin(2Pˆx) ≈ −2i ∂
∂x
; e±2iPˆx ≈
( ∂2
∂x2
± 2 ∂
∂x
+ 1
)
. (B1)
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Considering ωˆsin(ωˆ) ≈ 1 and substituting the differential form of the operators we obtain,
Hˆtriσz (θ) = −i
([
cos(θ) sin(θ)
sin(θ) − cos(θ)
]
· 2 ∂
∂x
+
[
0 − sin(θ)
sin(θ) 0
]
· ∂
2
∂x2
)
+
[
0 i
−i 0
]
sin(θ). (B2)
Using the relations,
sin(Pˆx + Pˆy) ≈ −i
( ∂
∂x
+
∂
∂y
)
and
cos(θ) sin(Pˆx + Pˆy)∓ i sin(θ) cos(Pˆx + Pˆy) ≈ −i cos(θ)
( ∂
∂x
+
∂
∂y
)
∓ i sin(θ)
( ∂2
∂x∂y
+ 1
)
, (B3)
Hˆtriσx (θ) = −i
([
sin(θ) cos(θ)
cos(θ) − sin(θ)
]
· ∂
∂x
+
[
sin(θ) cos(θ)
cos(θ) − sin(θ)
]
· ∂
∂y
+
[
0 −i sin(θ)
i sin(θ) 0
]
· ∂
2
∂x∂y
)
+
[
0 −i
i 0
]
sin(θ).(B4)
Using the relations,
sin(Pˆx − Pˆy) ≈ −i
( ∂
∂x
− ∂
∂y
)
and
cos(θ) sin(Pˆx − Pˆy)∓ i sin(θ) cos(Pˆx − Pˆy) ≈ −i cos(θ)
( ∂
∂x
− ∂
∂y
)
± i sin(θ)
( ∂2
∂x∂y
− 1
)
, (B5)
Hˆtriσy (θ) = −i
([
sin(θ) i cos(θ)
−i cos(θ) − sin(θ)
]
· ∂
∂x
+
[− sin(θ) −i cos(θ)
i cos(θ) sin(θ)
]
· ∂
∂y
+
[
0 i sin(θ)
−i sin(θ) 0
]
· ∂
2
∂x∂y
)
+
[
0 −1
1 0
]
sin(θ).(B6)
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